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For T, a contraction on a Hilbert space, andf, a function in the disc algebra, we 
show that, iff=O on SpTn f then lim,,, Ilf( T) T”ll = 0. The same method gives 
a new proof of recent results of Katznelson-Tzafriri. Several applications are 
given. ‘0 1990 Acadcmkc Press. Inc. 
1. INTRODUCTION 
Let T be a contraction on a Hilbert space 2 and let A(D) be the disc 
algebra. There exists a natural functional calculus f + f (T) from a sub- 
algebra of H”(D) containing A(D) into Y(X)). Let r be the unit circle. It 
is easy to see that, if f E A(D) and lim,, ~ 11 f(T) T"II = 0 then f -0 on 
SpTn r (Remark 2.9.2). The main result of this paper is that this condition 
is also sufficient (Corollary 2.12). We obtain this result as a consequence of 
a more general theorem concerning representations of certain function 
algebras contained in A(D) (Theorem 2.10). These results are related to 
recent work by Katznelson-Tzafriri, Allan-O’Farrell-Ransford, and the 
first author [ 14, 1, 53. Their results concern a contraction T on an 
arbitrary Banach space E and the natural functional calculus f + f( T) 
from A+, the subalgebra of A(D) consisting of all functions 
f(z) = xz=, c~,,z~ such that C,“=, Itx,l < cc, into 9(E). 
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In C51, the first author proved that, if SpT= 11). then 
lim, + x /IT” - Tn+‘ll =O. In [ 141, Katznelson and Tzafriri obtained 
independently a set of much more general results. They showed that, if 
SpTnf= (1) then lim,,, I( T” - T”+‘l/ = 0. Since points are sets of 
spectral synthesis for A +, this is a consequence of their more general 
result that, if f~ A+ is of spectral synthesis for SpTn r, then 
lim,, + x Ilf( T) T”JI = 0. Using very different methods based on arguments 
involving complex analysis, Allan, O’Farrell, and Ransford showed that, if 
~EA+,~‘EA+ and f E 0 on SpTn I- then lim, _ ~ lIf( T) T”(I = 0. As men- 
tioned in [ 11, this result can be derived from the more general version of 
the KatznelsonTzafriri Theorem using [ 11, p. 621. 
We introduce the notion of an isometric function algebra R, an R con- 
traction, and a set of R spectral synthesis (Definitions 2.1, 2.4, and 2.8). Let 
R+ be the closure of the polynomials in R. We show (Theorem 2.10) that, 
iffE R’ is of R spectral synthesis for SpTn I- then lim,, Jj Ilf( T) T”ll = 0. 
Our method transforms the problem into a question concerning invertible 
isometries and is based on the theory of regular Banach algebras. In the 
case R = A(T) Theorem 2.10 gives the general version of the Katznelson 
Tzafriri theorem, and with R = C(T) we obtain the result announced 
above for a contraction on a Hilbert space. This result also has several 
interpretations in terms of weak convergence, and gives compactness of 
multiplication by particular elements in certain quotient algebras of ‘4 +, 
and of A(D) (Corollaries 2.14 and 2.15). 
We conclude this paper by showing that the general version of the 
Katznelson-Tzafriri theorem implies the “discrete stability theorem” of 
Arendt-Batty. The “continuous stability theorem” of Lyubich-Phong and 
Arendt-Batty [ 15, 23 can also be derived from results analogous to the 
Katznelson-Tzafriri theorem concerning semigroups (see [ 73 ). 
2. REPRESENTATIONS OF ISOMETRIC FUNCTION ALGEBRAS 
Let r be the unit circle. We denote by C(T) the algebra of all complex- 
valued continuous functions on r equipped with the norm 
llfll, = supIf(z)l. 
;Er 
ForfEC(r) and FEZ we set 
so that f((n) is the nth Fourier coefftcient off: We denote by A(T) the 
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Wiener algebra-the subalgebra of C(f) whose elements are precisely those 
.f in C(f) such that 
The algebra with norm 
llfll I = C I f(n)l 
?TEZ 
is a Banach algebra. These two algebras, C(T) and A(f) are the largest 
and smallest members of a class of algebras that we now define. 
2.1. DEFINITION. An isometric function algebra on the unit circle r is a 
Banach algebra (R, II II R) which satisfies: 
(1) R is a subalgebra of C(T) 
(2) The functions do: z-+z and u-l: z+Z belong to R and 
llallR= ll~--‘llR= 1. 
(3) R= span{anjnEZ. 
For R an isometric function algebra on r we set R+ = span{ an},a,, so 
that R+ is a closed subalgebra of R. We will refer to elements of 
span{~“l,,o as polynomials and to elements of span{ an},. z as tri- 
gonometric polynomials. If A is a commutative Banach algebra, we denote 
by A the character space of A and by j\ the Gelfand transform of f~ A. 
Recall that a unital regular algebra A is said to satisfy the Ditkin condition 
if, for every x E A^ and every f~ ker x, there exists a sequence (fn), a r with 
x$suppf, such that lim,, r Ilff,-fllA =0 (see [13]). 
2.2. PROPOSITION. Let R be an isometric function algebra on r. 
(i) The map z + xz (where xz( f) = f(z)) is a homomorphism from f 
OntO ff and Ilf II sc G Ilf II R (f E R) 
(ii) ~~~~~~~~~lIfll~~Ilfll~ (fEA(O). 
(iii) R is a semisimple regular Banach algebra satisfying the Ditkin 
condition. 
(iv) For every f E R + and n > 0 there exists g, E R+ such that 
f = i f(p)aP+an+‘gn. 
p=o 
Proof: (i) Since, for all ZET, x=EI?, If(z)l<IlfllR (ZEN) and so 
Ilfll,<IlfllR. Let 1~8 and set z=x(cr). Since I(c((I~=IIo!-~(I~=~, ZEK 
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Since trigonometric polynomials are dense in R, x = xz, and so the map 
z -+ xz is onto. Since R is dense in C(T) and CT) = r, it follows from [ 13, 
Theorem 84.21 that the map z + x7 is a homeomorphism from I- onto A. 
(ii) For each YEA(T) the series Cz=,f(n) P converges in R to 
some he R. Since x; is continuous on R, h(z) =f(z) (z~r), and so 
f=hER. Clearly IlfllR= VllR6 llfll,. 
(iii) Since R is an algebra of functions on r, R is semisimple. Since 
I? z r and A(T) is regular on r [ 131, R is regular. Now, let z0 E r. Let Q2,, 
be the kernel of the character xzO on R, and M,=Q2,nA(T). LetfEQ,,. 
Since A(T) is dense in R, there exists (fn)na, &A(T) with (fn)nal 
converging to f: Since f(z,,) = 0, lim, _ 3c x2,( f,) = 0 and so lim, _ X f,l - 
fi,(zO) . 1 =J: Thus, M,, is dense in Q,. It follows from [ 18, Theorem 2.6.41 
that there exists a bounded sequence (u,),, , of elements of A(T) such that 
each U, vanishes on a neighborhood of z0 and lim, _ x I( f -.fu,II , = 0 
(f E M,). Thus 
lim Ilf -fU,lIR=O (fEQ;J I, - x 
and so R satisfies the Ditkin condition. 
(iv) Let f E R+ and let (P,),, , be a sequence of polynomials such 
that lim, _ ,~ 1) f - P,,II R = 0. It follows from (i) that the map g -, g( p j is 
continuous on R for each p E Z. So, if we fix n > 0 and set 
Q,=P,,- i &,(P)~~ 
p=o 
then lim, _ ,~ Q,=f-C;=of(p)ccP in R. Let 
Um.n=~-n-‘Q,,, Cm> 1). 
Then U,,,, is a polynomial for each m, and, since I(c( -” - ‘11 R= 1, ( U,,,), 5 , 
is Cauchy in R. Thus, if lim, _ ‘3c U,,,, = g, then g, E R + and 
f= i j\(p)ap+Cln+lgn. 
p=o 
2.3. Remark. (1) Let A(D) be the algebra of functions continuous on 
the closed unit disc D whose restriction to D is analytic. A(D) is a Banach 
algebra with respect o the norm 
Ilf II XI = ,y;l?* If( = I”;:, If( 
I 
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and the map f -+ j-1 r is an isometric isomorphism from A(D) onto C(T)+. 
Similarly, if A + is the algebra of analytic functions f on D such that 
then the map f + j-1 r is an isometric isomorphism from A + onto A( f ) +. 
Since A(f )’ G R+ E C(T)+ for every isometric function algebra R on I-, 
this means that we can always identify R+ with a subalgebra of A(D) 
containing A + as a dense subalgebra. 
(2) Definition 2.1.3 implies that, if cp: R + B is a unital homo- 
morphism from an isometric function algebra R on f into a unital Banach 
algebra B, then cp is determined by rp(cc). Thus, we can, without ambiguity, 
write v(f) =f(a) (YE R), where a= V(U). A similar remark holds for 
cp:R++B. 
We now introduce the classical notion of spectral synthesis for regular 
Banach algebras [ 13, page 2301. 
2.4. DEFINITION. Let R be an isometric function algebra on r, let S be 
a closed subset of f and let f~ R. We say that f is of R spectral synthesis 
for S if there exists a sequence (fn)ns, of elements of R such that 
Snsupp(f,)=@ (nal) and lim,,,I(f-f,ll.=O. If every fER such 
that fl s E 0 is of R spectral synthesis for S, we say that S is a set of R 
spectral synthesis. 
Clearly, if R = C(T), any closed subset S of r is a set of R spectral 
synthesis. For R = A(T), the definition of R spectral synthesis is the usual 
definition of spectral synthesis for r. 
The following result is an easy consequence of the regularity of isometric 
function algebras on f. 
2.5. THEOREM. Let R be an isometric function algebra on r, let B be a 
unital Banach algebra and let cp: R + B be a continuous unital 
homomorphism. Let Z= ker cp, h(Z) = {z E r: f(z) = 0 for all f in Z} and set 
a = q(a). Then: 
(i.) h(Z) = Sp(a) 
(ii) Iff E R is of R spectral synthesis for Sp(a) then f EZ. 
Proof: Let B, =span{a”},E,, where the closure is taken in B. Since 
the spectral radii of a and a-’ are both equal to 1, we have 
Sp,(a) E Sp,,(a) cr. Since Bdry(Sp,,(a)) G Bdry(Sp,(a)) this shows that 
Sp,,(a) = Sp,(a) and we may assume without loss of generality that 
B= B,. 
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Now, for f E R we define f(a) as in Remark 2.3.2. Since trigonometric 
polynomials are dense in R, we have x(.f(a)) =,f(x(a)) (f E R, x E B) and so 
Q(f(a))= f(Sp(a)). Thus f(Sp(a))= (0) for f EI and Sp(u)ch(f). Let 
A E f\.+(a) and let U be a relatively compact open neighborhood of Q(u) 
such that 14 0, Since R is regular, there exists f E R such that f 1 o = 0 and 
f(%) = 1. But, regular algebras are normal [ 13, Corollary 8.5.61 so there 
exists ge R such that g]sp,U, 3 1 and g],- ,.=O. So fg=O andf(u) g(a)=O; 
But Sp(g(u)) = g(Sp(u)) = { 1) so that g(u) is invertible, cp( f) = f(u) = 0 
and JEZ. Thus ,4$/z(l) and h(Z) = Sp(u). 
Let f E R which is of R spectral synthesis for .@(a) and let (fi)na, be a 
sequence of elements of R such that 
SUPP(.f,) n Q(Q) = Izr (n = 1, 2, . ..) 
and lim,, 35 fn -.f = 0. Since R is regular, f, E I for each n [ 13, 
Corollary 8.5.71 and so f E 1. 
Next we discuss continuous representations on a Banach space of 
isometric function algebras on the circle. We will need the following, 
certainly well-known, fact. 
2.6. LEMMA. Let T be an isometry on a Banach space E. Then, either 
Sp(T)=6 or Sp(T)clY 
Proof Set U = Sp( T) n D so that U is closed in D. We show that U is 
also open in D, so that U = @ or U = D, proving the lemma. Let A E D\ U. 
For x E E we have 
lI(T-Will 2 IITSII - I4 lldl = (1 - l~l)ll.~ll 
and so II(T-;ll)-‘~~6(l-IE.~)~‘;Thus, if (An),,a, isanysequence in D\U 
converging to A E D, 
limsupII(T-&I)-‘11 < +zc. 
n-2 
Thus. A$ Sp( T) [ 19, Lemma 10.171 and U is open in D. 
2.7. Remark. Let A be a unital Banach algebra, and for a E A let ci be 
the map x + ax (x E A). Then Sp(a) = Sp(d). Thus, Lemma 2.6 shows that 
if ci is an isometry, then I- g ,!$(a) implies Sp(a) E f. 
2.8. DEFINITION. Let T be a contraction on a Banach space E and let 
R be an isometric function algebra on the circle. We say that T is an R 
contraction if )I p( T)ll < )I pII R for every polynomial p. 
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2.9. Remark. (1) Every contraction is an A(f) contraction. If T is a 
contraction on a Hilbert space X, it follows immediately from the Von 
Neumann inequality [ 16, Proposition 8.31 that T is a C(T) contraction. 
(2) If T is an R contraction, then there exists a unique norm 
decreasing unital homomorphism (p7: R + + Y(E) such that v~( p) = p(T) 
for each polynomial p. In the sequel we set f(T) = q=(f). We note 
also that, if A E SpTn r, A the closed subalgebra of R generated by T, 
and xi the character on A such that xA( T) = I, then jxl(f(T) T”)l = 
If(A)1 (n=O, 1,2 ,... ). Thus, if PER+, f$O on SpTnT, then 
lim, + x Ilft T) T”II + 0. 
(3) Let cp be a continuous unital homomorphism from R + into a 
unital Banach algebra B and assume that a = cp(cr) is invertible and satisfies 
llabll = llhll (6~ B). Then 1 = (laa-ill = Jla-‘II and 1 = Ijell = llaell = Ilull. 
Let Q=~,nl.p A,,a” be a trigonometric poIynomia1 and set Y(Q) = 
c lt1l G p hf. Then 
Hence Y extends continuously to ‘? on R. Clearly PI R+ = q and 
II~II = IId. 
We now turn to the main result of the paper. 
2.10. THEOREM. Let R be an isometric function algebra on r, let T be an 
R contraction on a Bunuch space E, and let f E R+. If f is of R spectral 
synthesis for SpT n r, then the folloning properties hold. 
(1) lim,-, IIf(T) T”ll =O. 
(2) If (hn),,, is a bounded sequence of elements of R+ such that 
lim,, + r h,Jm) = 0 (m = 0, 1, 2, . ..) then 
lim IIf h,(T)II =O. “-UT 
(3) The map h --) f ( T) h( T) is a compact linear map from R + into 
z(E). 
Proof: (1) Since f vanishes on SpT CI r, f 3 0 if I-G Sp( T), so we can 
assume that SpTn f g r. Since the result is obvious for T with spectral 
radius less that 1, we can assume SpTnT#@ so that (IT”11 = 1 
(n = 1, 2, . ..). 
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For gtz R+ set p(g)=lim,,, I/g(r) T”l(. (The limit exists because the 
sequence is nonincreasing. ) Then p( 1) = 1, p(g) < jJ g( 7’)ll < II gll R, and, if, 
g, hER then 
Set I = ker p so that I is a proper closed ideal of R +. We denote by 
rc: R+ + R+/I the canonical quotient map, and by p the quotient semi- 
norm on R+/I. Clearly, p is an algebra norm on R +/I and 
Let B be the completion of (R+/Z, p) so that R: R+ + B is a unital norm 
decreasing homomorphism. 
In order to extend rc to a continuous homomorphism from R into B, we 
show that the map 
s: u--t ?r(a)u iue B) 
is an invertible isometry on B. 
First, let g E R +. Then 
An(a) zig)) = p(ccg) = lim IId a(T) T”ll N 4 3c 
=,!LT IIAn T”+‘II = p(g)=F(4g)) 
and so, by continuity, S is an isometry on B. 
Next, let A be the closed unital subalgebra of Y(E) generated by T. For 
geR+ such that g(T) = 0, we have rc(g) =O. So we can define a unital 
homomorphism Y: A + R +/I by setting Y( g( T)) = 7c( g) (g E R + ) and 
extending ‘Y to A by continuity. Since z(cr) = !P(cr( T)) = !P( T) we have that 
Sp(x(cr)) E Spd( T). But, Bdry(Sp,( T)) c Bdry(Sp( T)) and Spd( T) s ii 
Thus 
It now follows from Remark 2.7 that Sp(n(cr)) c f n Sp( T) so that S is an 
invertible isometry. But, by Remark 2.9.3, this implies that 7~ can be 
extended continuously to a norm decreasing homomorphism R, from R 
into B. And then, since f is of R spectral synthesis for SpTn Z-2 Sp(x(cc)) 
Theorem 2.5 implies that f E ker 71,. This shows that 
0 = P(Nf )) = p(f I= lim IIf T”ll n * m 
which proves (1). 
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(2) Now, let (h,), aI be a bounded sequence of elements of R + such 
that 
lim in(m) = 0 (m=O, 1,2 ,... ). 
n - c.2 
Set M = lim supn _ ~ jlhnllR. It follows from Proposition 2.2(iv) that there 
exists, for each p 2 1, an element g,., of R+ such that 
h,= f h~(m)a”+x”+~g,.,. 
m=O 
Clearly, lim, _ 5 II~,Rzo h:(m) ctmll R= 0. Hence 
lim sup IIgn,Jl R = lim sup lIgn,p~P+ ‘II R < lim sup Ilh,llR = M 
“-CC “--r’X n-x 
and so 
h SUP IMU MUI < IMUI h sup 
n-cc n-z 
11 i Gm,am~~R 
m=O 
+ ILOU Tp+‘lI lim SUP lIgn,pllR 
n-30 
d Mllf(T) TptllI. 
Since this inequality holds for every p 2 1, (2) now follows from (1). 
(3) Let 0 be the weak-star topology o(L”(T), L’(f)) and let 
(hL,, be a sequence of elements of the unit ball of R. Then (h,),, I is a 
bounded sequence of elements of L”(T) and so there exists a subsequence 
(h/J,, , of the sequence (h,),, , such that hpn converges in the a-topology 
to some h in L”(T). And, since Fourier coefficients are o-continuous on 
L*(r), 
lim h,“(m) = h(m) (m=O, 1, 2, . ..). 
“--rll 
Let Gn)n,l and (iAl be two sequences of integers such that 
lim, + m i, = co and lim, _ ic j,, = co, and set 
gn = h P” (n = 1, 2, . ..). 
Then, (g, - gjJ is a bounded sequence in R and 
lim g,“(m) = lim gJm) =fi(m) (m=O, 1, 2, . ..). 
n-m n + 22 
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Thus, (2) implies 
so that the sequence (f( T)g,(T)),,. , is Cauchy in Y(E). Thus, the 
sequence (f(T) hJT)),. I is a convergent subsequence of the sequence 
(f(T) h,,(T)),. I’ This proves (3) and concludes the proof of the theorem. 
As pointed out in [l], in the case of A +, the fact that 
lim, + x IIf T”lI =0 has some “tauberian consequences” on the 
resolvent. In fact, it follows from Theorem 2.10.1 that, if 1 E r, I ~ ’ 4 Sp( T), 
then the series x,;l”=,.f(T) A”T” converges to f(T)(Z-i-T))’ since 
f(T)(C,PCO1”T”)(I-~T)=f(T)-~r+!f(T) Tr+‘. 
In view of Remark 2.9, the next two corollaries are immediate conse- 
quences of the theorem. 
2.11. COROLLARY (Katznelson-Tzafriri Theorem). Let T be a contrac- 
tion on a Banach space E and let .f E A+. [f ,f is qf spectral synthesis for 
SpTn f, then lim, _ ~ II f( T) T”II = 0. 
2.12. COROLLARY. Let 2 be a Hilbert space and let T be a contraction 
on Z. If f E A(D) oanishes on SpTn f, then lim,, ~ Ilf( T) T”II =O. 
We also have 
2.13. COROLLARY. Let R be an isometric function algebra on r, and let 
T be an R contraction on a Banach space. If SpTn r is countable, and if f 
oanishes on SpT n r, then lim, _ ,* I/f ( T) T”ll = 0. 
Proof Proposition 2.2(iii) implies that R is regular and satisfies the 
Ditkin condition. Since nonempty countable closed subsets of f always 
have isolated points, SpTn I’ contains no perfect subsets. Hence, it follows 
from [ 13, Theorem 7.31 that SpTn r is a set of R spectral synthesis. 
Note that, as a consequence of the second part of Remark 2.9.2, the 
condition lim, _ 7c ]I f( T) T”ll = 0 in Corollaries 2.12 and 2.13 is not only 
necessary, but sufficient. 
2.14. COROLLARY. Let R be an isometric function algebra on r, let I be 
a closed ideal of R +, and let 7c : R f + R f/I be the canonical quotient map. 
If f E R+ is of R spectral synthesis for h(I) n r, then the map it(f): 
u + x( f ) u is a compact endomorphism of R +/I. 
Prwf Let (u,L3, be a bounded sequence in R’/I. Then there exists a 
bounded sequence (h,),, , of elements of R+ such that u, = n(h,) 
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(n= 1,2, ,,.). Let T: R+/Z+ R+/Z be defined by Tu=n(a)u so that 
Sp( T) = h(Z). Applying Theorem 2.10.3 to T, since h,(T) = ii and 
f(T) = ii(f), we see that it(f) u,=it(f)it(h,)x(l)=f(T)h,(T)n(l) has a 
convergent subsequence. This proves the corollary. 
Corollary 2.14 shows in particular that, if Z is a closed ideal of A(D) and 
if J= {f~A(D)lf(z)=O (~~h(Z)nf)}, then the map U+D.U is a com- 
pact endomorphism of J/Z for every u in J/Z. Despite the fact that the closed 
ideals of A(D) are completely described by the Beurling-Rudin theory (see 
[9]), this result may be new. The corresponding result holds if Z is a closed 
ideal of A+ and J=(f~A+lf(z)=O (zeh(l)nf)}, when h(Z)nf is a 
set of spectral synthesis. 
Primary ideals of A + were completely described by Kahane [lo] (see 
[S, 17, 201 for related results concerning L’(R+) and L’((R+)n)), but the 
general structure of closed ideals in A + is still not known. It is clear that 
the map: J+ A + n J maps the set of closed ideals of A(D) into the set of 
closed ideals of A +. Gilbert and Bennett [3] conjectured that a closed 
ideal Z of A + is of the form Jn A+ (for some closed ideal J in A(D)) 
whenever h(Z) n f is a set of spectral synthesis. They established this 
conjecture in the case where h(Z) is countable. 
Let Z be a closed ideal of A +. Since A + is dense in A(D), the closure f 
of Z in A(D) is a closed ideal of A(D). So, if I= Jn A + for some closed 
ideal J of A(D), then ZE fn A+ s Jn A’ = Z and so I= In A+ which is 
the set of allfo A+ which can be approximated in the supremum norm by 
elements of I. The next corollary may help in determining when f E In A + 
actually belongs to I. Here, we use the weak-star topology on A+ obtained 
by identifying A+ with the dual of c0 (the Banach algebra of sequences 
converging to zero at infinity) via the formula 
2.15. COROLLARY. Let I be a closed ideal of A +. For f e A +, set 
I(f)= kA+lfg~Z). 
Zf f is of spectral synthesis for h(Z) n f, then Z(f) is weak-star closed. 
Proof: Let ( g,), r l be a sequence of elements of Z(f) such that 
lim, _ ,m g,=g, wheregEA+, and the limit is taken in the weak star topol- 
ogy. Then the sequence (g,), a 1 is bounded in A +. 
Since the map h +6(m) is weak-star continuous on A+ (m = 0, 1, 2, . ..). 
we have lim, _ r (gpg)(m)=O for ~20. Let TEY(A+/Z) be the map 
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u --, TC(Q)U where n is the canonical quotient map from A + -+ A +/I. Clearly, 
Sp( T) = Sp( n( tl)) = h(l), and so, by Theorem 2.10.2 
lim lb(s,-g)+f)ll= lim IICs,l(T)-g(T)l fCT)II =O. II + x ,z - % 
Since x(fgn) = 0 for n 2 1, this shows that rc(fg) = 0, and so gE I(f). The 
corollary now follows from the Krein-Smulian Theorem [ 191. 
3. AN APPLICATION 
We conclude this paper with an example illustrating the strength of the 
Katznelson-Tzafriri theorem. In [23 Arendt and Batty showed that, if T is 
a contraction on a Banach space E such that SpTn r is countable and 
T- AZ has dense range for each 1 E SpTn r, then lim, _ ~ 1) T”xll = 0 for 
every x E E. We show here that this result can be derived from the 
Katznelson-Tzafriri theorem. 
3.1. LEMMA. Let T be a contraction on a Banach space E. If SpT n I- is 
countable and ( T - 1 I) E = E for each 1 E Sp T n r then 
Proof: Set SpTnT=(l,),.,. Set T,,=(T-&I). Since 
(T-A,I)E= E (n = 1, 2, . ..) 
the abstract Mittag-Lefler theorem implies that 
n (T, . . . T,)E=E 
,I3 I 
(see, for example, [6]). Since /-),,a, T,Ez n,, , (T, . . T,,)E, and, for 
AEr\SpTnr, (T-AZ)E=E, we obtain 
n (T-U)E= E. 
;. E r 
3.2. THEOREM. Let T be a contraction on a Banach space E. Set 
r={f~A+If(z)=0(~~SpTnr)}. 
ifSpTnriscountableandif(T-lI)E=EforeachAESpTnTthen 
span (i[f(T)E) =E. 
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In the proof of this theorem we use the usual identification of the dual 
of A(f) with I”(Z). The duality is implemented by the formula 
((P”),, ZI f>= c ji(nh (fE w-)7 (P,),, z E l”(Z)). 
tZEZ 
Now, let J be an ideal in A(Z) of the form 
where A is a countable subset of f, and let Jo = Jn A +. We use the 
following facts from [4, p. 60; and 12, Theorem 21. (1) The annihilator Jl 
of J is composed of almost periodic sequences (cl,),, z. (For the definition 
of almost periodic sequences, see [ 13, p. 1911.) For any almost periodic 
(P,)“, z and AER, 
exists and fails to be zero for at most a countable set of &, called the 
frequencies of (p(,),, z, If an almost periodic sequence has no frequencies, 
then the sequence is the zero sequence. (2) If c1 E A + is the function CC(Z) =z 
and a denotes the equivalence class of c1 in A +/Jo then C is invertible and 
ll~-‘ll A+/& = itall A+,& = l. 
Proof of Theorem 3.2. Let 
L={~EE*I(~(T)x,~)=O(XEE,~EZ)}. 
Let f~ A + and 1 E L. Note that, since Z is an ideal, lof( T) E L. Thus the 
map S: I+ 10 T is a contraction on L, and, if f(S) is defined for f~ A + as 
in Remark2.9.2, thenf(S)l=lof(T) (1eL). Since, forfEZ, f(S)=O, the 
map 8,: f-f(S) induces a norm decreasing homomorphism 
8,: A +/I+ Y(L). But now, fact (2) implies that S = 0,(C) is an invertible 
isometry, and so, by Remark 2.9.3 we can extend 8, to a norm decreasing 
homomorphism e3 : A(f) + Y(L). By Lemma 2.5, since countable sets are 
sets of synthesis, if 
J= {gEA(T)Ig(z)=O(zESPTnr)} 
then JG ker ej, 
Now, let K=n,.,(T-AZ)E. By Lemma3.1, Kis dense in E. For XEK 
and 1~ L we define the functional [x@l] on A(Z) by 
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I(jt CxOll>l < Ilf(W . llxll . 11~11 s llfll . llxll . 11~11 
we have [x@l]~A(r)*. Clearly [x@l]~J’ and so, by fact (l), 
Cx@ll= hA,Z~ where (p,),, z is an almost periodic sequence in 1 “(Z). 
We show that (P,,),,=~ has no frequencies. Let 1 E R. Since x E K, there 
exists y E E such that x = e”Ty - y. Thus 
=Plimj (e i(P+lMTP+ly- y, I) 
= lim 
,iC P + 1 V. 
P-x 
~(Tp+ly,l)-~(y,l)=O. 
Thus [x@l] has no frequencies and so [x0 f] = 0. But this shows that 
and so L = F’ = (0). Hence F is dense in E, which proves the theorem. 
3.3. COROLLARY (Arendt and Batty [2]). Let T be a contraction on a 
Banach space E. If (T-U)E=Efor every AeSpTnr, and if SpTnr is 
countable then lim, _ m 11 T”xjl = 0 for every x E E. 
Proof If fEZ= {geA+ Ig(z)=O (x~SpTnr)j then Corollary2.11 
implies lim, _ m II f (T) T”ll = 0, since countable subsets of the circle are sets 
of synthesis [ 11, p. 603. Hence, if y E E, f E Z, we have 
lim IIT”f(T)yll =O. 
n-30 
The corollary now follows immediately from the theorem since 
sup, II T”ll < 00. 
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